If one encodes the gravitational degrees of freedom in an orthonormal frame field there is a very natural first order action one can write down (which in four dimensions is known as the Goldberg action). In this essay we will show that this action contains a boundary action for certain microscopic degrees of freedom living at the horizon of a black hole, and argue that these degrees of freedom hold great promise for explaining the microstates responsible for black hole entropy, in any number of spacetime dimensions. This approach faces many interesting challenges, both technical and conceptual.
In the 1970's we were introduced to the fact that black holes are thermodynamic objects, whose entropy and other thermodynamic parameters are identified with simple geometrical aspects of the black hole [1, 2, 3] . An example is the celebrated Bekenstein-Hawking entropy formula S = A/4, where S is the entropy and A the area of the bifurcation sphere in Planck units. However, thermodynamics is only an approximation to a more fundamental description based on statistical mechanics. In particular, entropy is associated with the number, Γ, of "microstates" compatible with a given "macrostate" through Boltzmann's formula S = ln Γ. A puzzle then arises in that general relativity gives us the macrostate (the black hole, described by just three parameters: mass, angular momentum, and charge), but apparently says nothing about the nature of the typically huge number e S of microstates which presumably must exist to account for the entropy.
Since its recognition this problem has received an enormous amount of attention, for two reasons: it is a paradox, expedient for progress in theoretical physics, and an important one: the Bekenstein-Hawking entropy formula contains Planck's constant and so surely the resolution of this problem will provide insight into a theory of quantum gravity-currently a holy grail of theoretical physics. Over the years much has been learned, and recently string theory has provided some exciting answers [4] , but it is not our purpose here to review the literature. Instead we will introduce some ideas, very geometrical and topological in flavor, which we believe hold great promise towards providing a satisfactory explanation of black hole microstates in any number of spacetime dimensions (within the context of general relativity proper, but containing numerous hints at hidden connections with string theory).
These ideas are inspired by two central themes which stand out in the literature. The first is that black hole entropy is intimately connected with topological considerations, as first emphasized by Gibbons and Hawking in 1979 [5] . Perhaps the strongest statement of this fact are recent arguments which suggest that the correct entropy formula, generalized to encompass arbitrary topology, is [6] 
where χ is the Euler number of the black hole. The second is the very plausible idea that the sought for microscopic degrees of freedom reside at the horizon, interpreted as a "boundary" of sorts; after all, the entropy is proportional to the horizon area. This type of idea was first implemented successfully by Carlip in 1995 for black holes in three dimensions [7] , and has since enjoyed other successes (recent examples include [8, 9] ). One might be uncomfortable thinking of the horizon as a boundary, or might wonder "What about the microstates which would presumably reside also at the boundary at infinity?" These concerns are neatly dealt with in the approach we will now outline. To begin, on a d-dimensional manifold, M, encode the gravitational degrees of freedom not in the metric, but rather in its "square root": an orthonormal frame field composed of a set of one-form fields e a , or their dual vector fields, e a . All of our considerations will then follow from the simple identity
expressing the Ricci scalar density on the left hand side in terms of the metric compatible torsion-free spin connection, ω and lowered as usual with the frame signature metric.) It is immediately obvious that the ω ∧ ω ∧ ǫ term is the natural choice for a first order Lagrangian density, suitable to yield the local vacuum Einstein equations. 1 But when we integrate over M to form the action an interesting global consideration arises with regard to the boundary, ∂M. To illustrate this most simply, for d = 2 (2) reduces to ǫ R = d (2ω 01
More generally, consider a Euclidean black hole, topologically IR 2 × Σ (typically Σ is the (d − 2)-sphere). A singular gauge choice analogous to the disk example is natural in this context: in the "IR 2 sector" e 1 is chosen to correspond to a Euclidean time flow unit vector field (with fixed points comprising a bifurcation surface, Σ 0 ); and with e 0 = n, the unit normal on ∂M, it is easy to show that
which is the usual gravity action with trace extrinsic curvature boundary term appropriate for holding fixed, in the action principle, the boundary (d − 1)-geometry. In analogy with the disk example, here we are forced to excise the bifurcation surface, and ∂M = B ∞ ∪ B 0 , where B ∞ is the boundary at infinity and B 0 is the boundary of a "thickened bifurcation surface" (both topologically S 1 × Σ).
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We now introduce the frame rotation degrees of freedom: set e a = U a bê b , whereê b is a frame gauge-fixed as discussed above, and U a b ∈ SO(d). Employing an obvious matrix notation, the action in (3) is then augmented on the right hand side with an additional boundary action
whereǫ ab = iê b iê a ǫ. With fixed boundary (d − 1)-geometry (effectively equivalent to fixed ǫ ↓ ∂M , where ↓ ∂M denotes pullback to ∂M), the action principle then yields the usual vacuum Einstein equations in M plus the (highly nontrivial) boundary Euler-Lagrange equations
Thus, in the spirit of Carlip's approach [7, 11, 12] , the would-be gauge degrees of freedom U become physical dynamical fields on ∂M and (we are suggesting) are the microscopic degrees of freedom giving rise to the microstates responsible for black hole entropy; andǫ ↓ ∂M encodes information about the black hole macrostate.
With ∂M = B ∞ ∪B 0 we expect these microstates to reside on both B 0 and B ∞ . However, it is well known that the action in (3) is divergent due to the integral over B ∞ , and that the physical (or regularized) action is obtained by subtracting a suitable vacuum contribution [13, 14, 15] . It turns out that performing an exactly analogous subtraction of a (similarly divergent) vacuum contribution to the total entropy leaves only the entropy contribution from B 0 . Thus, the physically relevant microstates are present on B 0 only.
To count these microstates is a formidable task. At the classical level it can be shown that the reduced phase space is the space of maps from the bifurcation surface (more precisely, a constant Euclidean time slice, Σ τ , of B 0 = S 1 × Σ) into the oriented Grassmann manifold SO(d)/(SO(2) × SO(d − 2)). (The quotient by SO(2) × SO(d − 2) reflects that the boundary theory considers as physical only the orientation of an observer's frame relative to the bifurcation surface.) It is well known that such maps are intimately connected with the theory of characteristic classes, in particular the Euler number of Σ τ (an intriguing example can be found in [16] ). Furthermore, the scale of the reduced phase space is set by A, the area of Σ τ in Planck units. So at the semi-classical level, where the number of microstates is identified with the volume of the reduced phase space, these two observations are suggestive of the generalized entropy formula (1) . At the quantum level the numerical factor relating A to S turns out (at least in the d = 3 case) to be a function of the parameter(s) labeling the unitary irreducible highest weight representations of the infinite dimensional Lie algebra corresponding to the group of maps from Σ τ into SO(d) (subject to certain constraints). (Roughly speaking, demanding the correct entropy formula fixes the choice of representation.) Interest in such representations originated in the study of anomalous gauge theories with chiral fermions, but more recently has seen applications in p-branes and the study of non-perturbative effects in string theory; unfortunately at present there exists only an incomplete understanding of the mathematics involved (see, e.g., [17, 18] ). In fact there are numerous other hints (not mentioned for lack of space) that the boundary theory here has hidden connections with string theory, and might eventually bridge the gap between an approach to microstates based on standard general relativity and the string theory results mentioned at the beginning.
In short, the ideas introduced here represent a concrete realization of a speculation by Carlip and Teitelboim in which they suggest that the numerical factor relating the entropy of a Euclidean black hole to the area of its bifurcation sphere might have its origin in microstates living on the boundary of a thickened bifurcation sphere [19] . Finally, we wish to emphasize that the counting of microstates here is independent of the length scale associated with the "thickening" of the bifurcation surface: it is not "physics at the Planck scale" on a horizon interpreted as a tangible boundary, but rather "physics at no scale" on a manifold (B 0 ) whose raison d'être is topological in nature.
